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Elements of the hyperoctahedral group 8, can be represented as lists of integers 
n = x1 rr2.. I,, where the list of absolute value of the A~‘S is a permutation of the 
integers from 1 to n. The descent set of such a x is Des(n) = {k E {0, . . . . n - l} 1 
n[k > xk+ ,}, where k = 0, we set n, = 0. A descent class A, of B,, is the formal sum 
of all elements of B, with a given descent set SC {0, 1, . . . . II - 1). In this paper, we 
shall give a combinatorial proof of a result of Solomon [6] stating that the 
product, in the group algebra a;P[B,], of two descent classes is a linear combination 
of descent classes. We refer to the linear span of these descent classes (it is a sub- 
algebra x B, of Ll[B,]), as Solomon’s Hyperoctahedral descent algebra. We derive 
from our combinatorial multiplication rule (for x B,) that there is a family of ideals 
Y!,n’ of x B, such that 
In 141. Garsia and Reutenauer relate a similar decomposition of the multiplicative 
structure of the descent algebra of the symmetric group S,, to the action of the 
symmetric group on the free Lie algebra. It develops that one can introduce a 
B,-analog of the free Lie algebra, and give similar results for x B,. 0 1992 Academic 
Press, Inc. 
1. INTRODUCTION 
In [4], A. Garsia and C. Reutenauer have given a decomposition of the 
multiplicative structure of the descent algebra of the symmetric group. This 
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decomposition exploits the action of the symmetric group on the free Lie 
algebra in a manner reminiscent of Poincare-Birkoff-Witt’s theorem. The 
object of this paper is to describe similar results for the descent algebra of 
the hyperoctahedral group. For our purpose, elements of the hyper- 
octahedral group B,, are best represented as lists 
where the 77,)s are in the set { + 1, +2, . . . . f n}, with the property that 
is a permutation of (1, 2, . . . . n}, if one sets oi= ]rri(. The product in B, is 
similar to the product in S, with the further ado that signs are multiplied. 
Hence one has 
(-2, 1,3, -5,4)(3,2, -1,4,5)=(3, 1,2, -5,4). 
We say that rt has a descent in position i = 1,2, . . . . n - 1, if ni > rr,, ,; and 
that 7c has a descent in position 0, if rr, <O. The descent set, Des(n), is the 
set of descent positions of rr. The elements 
Des(n) = , 
of the group algebra Q(B,) of B,, are called descent classes. In [6], 
Solomon shows that for all Coxeter groups (hence also for B,), the product 
of two descent classes is a linear combination (with integer coefficients) of 
descent classes. In general, the descent set of o in a Coxeter group is 
defined in terms of the minimal expressions for o in term of the generators. 
The first aspect of our paper is a combinatorial description of the 
multiplication table for the following (vector space) basis of C B, 
B,= c A,= 1 n 
TC s Des(r) E S 
with S running through the subsets of { 1,2, . . . . n}. It develops that there . . . are positive integers Y’& such that 
BsB,= 1 Y3R? 
Rc_[O,n-11 
where [0, n - l] stands for the set { 0, 1, . . . . n - 1). We shall give a 
combinatorial interpretation for these integers in Section 2. 
To further describe our intent, let us establish some notation. Recall that 
a composition of an integer n is a sequence of positive integers 
4X1.148.1-7 
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such that n=p, +pZ+ . . . +pk. We shall sometimes write p k n to say 
that p is a composition of n. The length k of such a composition is denoted 
k(p). There is a natural bijection between compositions of m Gn, and 
subsets of [O, IZ - 11. The subset corresponding to such a composition p is 
with p. = n -m. Thus we can index the basis B, of C B, with compositions 
of m ,< n. To simplify our notation, we shall set B, = BScpj, and in the same 
manner A,, = A,,,,. Furthermore, we shall denote yLy the structure coef- 
ficients of C B, when expressed in term of the basis BP, for p k m d n. 
From the combinatorics of the multiplication rule for the BP’s, we shall 
derive the following facts. Let us denote .Sv’ the linear span of the set 
{B, 1 p. < v}. Then these Y-I”’ are ideals of C B, such that 
Moreover, one can describe the structure of the x B,‘s as 
-- Now, let A = {a,, . . . . a,, a,, a,, u2, . . . . ak} be an (ordered) alphabet of 2k 
letters, where for all 1 ,< id k - 1 one has 
a,+, -=zq and ai<ai+l, 
and also K-C a,. As usual, A* stands for the set of all words on this 
alphabet, and 1 is the empty word. The length of a word w is denoted 1~1. 
We also denote Q[A* J the non commutative algebra of polynomials 
P= 2 c,.w, 
u,t A* 
with a finite number of non zero rational coeffkients c,. The multiplication 
for Q[A*] is the linear extension of the usual concatenation product on 
A *. A polynomial P in Q [A*] is said to be homogeneous of degree n, if all 
the words with non zero coefficients in P are of the same length n. We 
further denote Q[A”] the collection of all homogeneous polynomials of 
degree n. 
Let us introduce some operations on Q[A*]. The first interesting one is 
the flip, p, defined on words as 
*c-------h w= x,x2 “‘x,= x;..f;lx, 
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where for a letter in A, one sets 
+ e 
a,=?& and a, = a;. 
From now on, w will stand for the usual shuffle of words. For example, 
ah w cd = ahcd + acbd + cabd + cadb + cdab + acdb. 
The suffle is extended linearly to all of Q[A*]. We shall give a very useful 
description of the B,‘s in term of the shuffle. This relation will also involve 
the scalar product, (P, Q), for which the words form an orthonormal basis 
of Q[A*]. Hence all elements of Q[A*] can be written as 
P= 1 (P,w)w. 
WEA’ 
The hyperoctahedral group B,, acts on the space Q[A”] in the following 
way. For a word u’=x,x~....x,, and rc=rc,n,...rr,, in B,, let 
w7T = x,,xn2 ‘. xnti, 
with a ; = q. By linearity, one extends this action to all of Q [A”] and to 
an action of C B, on Q[A”]. 
Relative to the scalar product, the adjoint of the multiplication of an 
element of Q[A”] by some p in C B,, is easily described as follows. For 
every such p, there is an element Jp of Q [ B,,] such that, for all words w, 
and u’~, one has 
<WI lP> w2> = (Wl, u’2P). 
The operation 1, called dual, is precisely the linear extension of inversion 
in the group B,,. We shall give in Section 2 a simple description of the dual 
of the B,‘s in terms of shuffles. 
As the last ingredient for our discussion, we consider the free Lie algebra 
over A, denoted here Lie (A), to be the smallest Lie subalgebra of Q [A*] 
containing A. Moreover, the homogeneous component of degree n of 
Lie (A) is denoted Lie” (A). Elements of Lie” (A) are called Lie polyno- 
mials, and if P,, P,, . . . . Pk are Lie polynomials of respective homogeneous 
degree pl, p2, . . . . pk (for a composition (pl p2 ... pk) + n), then the product 
P, P, ... Pk is said to be a Lie monomial of degree p. We shall say that a 
Lie polynomial P is a B-Lie polynomial if 
F=P. 
The set of all such P’s denoted B-Lie (A), and the intersection, 
B-Lie (A) n Lie” (A), 
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is denoted B-Lie” (A). We shall show that the effect (via the action of 
C 4,) of 
is to project Q[.4”] on B-Lie” (A). 
2. MAIN RESULTS 
We begin with a description of the dual of the B,,‘s. Given a word w E A*, 
let us write 
The linear extension of (r) to Q[A*] is clearly a morphism for the shuffle. 
LEMMA 1. Let p = p 1 p2 . .pk be a composition of m d n, then 
JB,=E&&JE;w .‘. W$ (4) 
where the E,‘s are words such that 1 2 3 .. n = E,E, E, . .. Ek, with 
lEOl = n - m, and lEil =pi. 
Proof: Let rc be an element of B,, such that Des(rr)=S(p). Then by 
definition one has 
7c, <n,< ... <7T‘,o 
71 C”fl <7L,+2< ." <ne, 
(5) 
7-c ekL,fI~~ek-,+2~ ... <ne,, 
where e,=p,+p, + ... -+-pi. The first segment n, 7c2.. rcn,,, of rc is special in 
that it contains no barred elements. Hence, in the inverse of n, the elements 
1 2 . . . e. will be found in that same order but not necessarily consecutive. 
On the other hand, each of the other segments of (5) might contain some 
negative elements. Thus such a segment can be separated into two parts 
- the negative part: [rr,, + ], . . . . n,], 
the positive part: [rr,+ ,, . . . . n,+,]. 
This is equivalent to saying that in the inverse of 71, the barred numbers 
from ei + 1 to f will be in reverse order, while the unbarred numbers 
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between f+ 1 and e, + , , will be in the usual order. But all this says precisely 
that the inverse is in the shuffle (4). Since all these steps can be reversed, 
the lemma follows. 1 
We can now go on with the description of the multiplication rule for the 
B,‘s. For this purpose we consider templates of the following form 
boo %I a02 ‘.. UOk\ 
I b II b,, ... blk \ “,ll “.‘2 .-’ U.l/ . 
. . . . 
b,, b;, ... h, I 
Note that the b-lines do not have entries in column 0. The reading word, 
w(M), of this template is defined to be the composition 
w(M) = a,, a,, . . ~okb,k~~~b,,b,,~,o~,,~~~~,,~~~~,o~,, “.“/k, 
where zeros are ignored. This is to say that we alternatively read u-lines 
from left to right, and the b-lines from right to left. The YOW sum word, 
q(M), of M is the composition (ignoring zeros) q(M) = q1 q2 . qr, with 
qi=u,,+ 5 (b,+u,). 
j= I 
The column sum word, p(M), of M is the composition (still ignoring zeros) 
P(W=P, p2...pk, with 
pi = Qo, + 1 (bq + uij). 
With these conventions the multiplication rule takes the form 
THEOREM 1. For two compositions p k m, d n, and q + m, < n, one has 
BpBq= c &(M,. 
P(M)=P 
dW=4 
(6) 
Rather than giving a formal proof of this theorem that would be very 
similar to the analogous theorem of [S] for the descent algebra of the 
symmetric group, we think that an example is more iluminating. For 
instance, in C B,, this rule implies that 
B, B,, = 4B,, + 2B,, , > 
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because one has the following templates with prescribed row sum (21) and 
column sum (3) 
In term of the duals, the product above can be expanded as follows 
Using the fact that m = g w x, one can easily identify each of 
these terms with one of the templates above. 
For our purpose we now need to define the algebra d = Q[,4*] @ 
0[,4*] with the suffle product on the first component of tensors and the 
concatenation product on the second component. We consider the following 
elements of d 
and 
@=log(l+A)= 1 (-lk)*-‘A! 
k>l 
Expanding powers of A and using Lemma 1, we obtain 
(7) 
k(p) = k 
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Hence we can rewrite (7) as follows 
@= c w@ c l-lk)*lwBp] 
W#l 1 PC III.1 
(8) 
We also define y: O[A*] + d to be the unique morphism such that for a 
letter a ~5 A, 
y(a)=a@l+l@a. 
It is easy to check by direct computation that P E Q[A *] is a Lie polyno- 
mial only if 
y(P)=P@l+l@P. 
Moreover, one has the following explicit formula 
y(f)= c (f,UW~)~OU, 
u. DE A*
(9) 
for any f in O[A*]. It follows from (9) that P is a Lie polynomial if and 
only if 
(P,uwv)=O, when u#l and uf 1. (10) 
Another basic lemma describes the effect of the B,‘s on Lie polynomials. 
LEMMA 2. Let P be an homogeneous Lie polynomial of degree n. For a 
. composition p =pl pz “.pk of n one has 
PBp = 
0 if P+(n) 
p+p’ if p=(n), 
where the composition with only one part n is denoted (n). 
Proof. It follows from Lemma 1 and (lo), that 
(w,PB,)=(wlB,>p) 
= (w(E, w ?z w ... w ETj, P) 
= 0. 
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when p is not the trivial composition (n). When p = (n), then 
(WY P&z,) = <WlB(,)? p> 
=(w+G,P) 
= (w, P+pc). 
Hence the assertion follows. l 
It clearly follows that we have: 
COROLLARY. Let P be an homogeneous B-Lie polynomial of degree n. 
Then for a composition p = p1 pz . . pk of n one has 
PB, = 
0 if P+(n) 
2P if p=(n). 
With all this in mind, we now conclude 
THEOREM 2. iI,,, is an idempotent of the algebra C B,,, such that 
Q[A”](+Z,,,) ‘Y B-Lie” (A). 
Proof Let f be any element of Q[A*]; we show that g =fZcnj is a B-Lie 
polynomial. The first thing to check is that g=g. But clearly we need only 
consider the case when f is a word, @ since wZ(,,, = GZ,,,, we can also 
reduce the problem 
easily verified fact 
to showing that i,,, = I(,,,. But this derives from the 
where ~5 =pk.. .pz p1 for a composition p =p, pz .pk of n. Thus 
Now we show that all WI,,, are Lie polynomials. We shall use a theorem 
of Ree (see [3]) that charadterizes the exponential of a Lie element as 
being (in our case) a morphism of the algebra &‘. Consider the scalar 
poduct on G? for which the family of U@ v, u and v in A *, forms an 
orthonormal basis. Then, @ is a Lie element of &, if and only if 
(1 + ~Lwo =(l+d),w(l+d),, 
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where, for f~ ,r?l, f, is such that 
f=Cfu@u. 
But this is a direct consequence of the fact that (T) is a morphism for the 
shuffle. It follows from the corollary above that for all B-Lie elements P, 
PI,,,, = 2P. 
Thus $ZC,lj is an idempotent since it is a Lie element. m 
3. DECOMPOSITION OF C B, 
We shall now describe our decomposition of the descent algebra C B,. 
As we shall see this is a direct consequence of the multiplication rule (6) 
for the B,‘s. For v <n, let us consider, in C B,, the linear span 
Y~,fl’=QIB,jp + n-k,withkdv]. 
For two compositions p + n-k, and q k n-k,, examination of the 
multiplication rule shows that the reading word of a template M 
contributing to the product B, B, is always a composition of some n - k, 
with k < min(k,, k,). Hence, we conclude that the Sl,“‘s are ideals of C B,. 
Moreover, we have 
THEOREM 3. For all v <n, there is an algebra isomorphism 
Proof: Let p b n, and q + nz be two compositions, with n - n, > n - v 
and n-nn,>n-v. Modulo .Y(“’ the only terms that are not zero in a 
product B, B, are those that co&spond to templates of form (*), and such 
that a, > v. Thus we can substract v from the entry a,, in any such 
templates, without changing the reading word, the column word or the row 
word of this template. But the templates obtained in this manner are 
precisely those that appear in the right hand side of the multiplication 
rule for B, B,, in the algebra C B,- ,, + 1. This argument can clearly be 
reversed. a 
Another nice consequence of the multiplication rule, is that we can 
characterize the dimension of the radical, m of the descent algebra 
of B,. 
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THEOREM 4. As a vector space, the dimension of the radical of the 
descent algebra of B, is such that 
dim 
u-7 
xBn >2”-p,-p,- . . . -p,, 
where pk denotes the number of partitions of k. 
Proof: For a composition q of k, let us denote n(q) the composition 
obtained when we order the parts of q in decreasing order. We shall show 
that the linearly independent set 
(B, - Bi+,) I q k k d n such that q # I”(q)} 
is contained in this radical. This last assertion is a direct consequence of the 
following observation. Let us identify the elements of C B, and those of 
Q[B,] as well with their images under the left regular representation of B,. 
The trace of any f E Q [ B,] can be computed as 
MS)= C fnl,=2”n!f IId, 
ZEB, 
where f ) n denotes the coefficient of rr in f: Since the identity appears with 
coefficient 1 in every B,, we conclude that 
tr(B,,) = 2”n! 
It follows from our multiplication rule that for all compositions p and q we 
have 
tr((B, - Bj.c,,)B,) =O. I 
4. CONCLUSION 
In a sequel to this paper, we shall not only show that equality holds in 
Theorem 4, but that there is a basis of C B, making explicit this assertion. 
We shall also give a Poincare-Birkoff-Witt decomposition of Q[A*] 
through the introduction of a basis of idempotents of C B,. Moreover, we 
shall exhibit various natural homomorphisms between descent algebras 
ofB,. 
We have thus been able to give an account for the descent algebra of the 
hyperoctahedral group, similar to that of Cl, 3, 41. Similar results hold true 
for other Coxeter group such as A,, C,, and D,. This will be the subject 
of other papers. 
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